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Abstract
The sandpile group of a graph is an abelian group that arises in several contexts, and a refinement of
the number of spanning trees of the graph. It is a subtle isomorphism invariant of the graph and closely
connected with the graph Laplacian matrix. In this paper, the abstract structures of the sandpile groups on
3 × n twisted bracelets are determined and it is shown that the sandpile groups of those twisted bracelets
are always isomorphic the direct sum of two or three cyclic groups.
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1. Introduction
Let G = (V ,E) be a finite multi-graph with n vertices. Let its Laplacian matrix be L(G) =
D(G) − A(G), where D(G) = diag(d1, d2, . . . , dn) is the degree matrix and A(G) is the adja-
cency matrix of G. The sandpile group of G is closely connected with the Laplacian matrix L(G)
as follows: Thinking of L(G) as an linear map Zn → Zn, its cokernel has the form cokerL(G) =
Zn/L(G)Zn ∼= Z⊕ S(G), where S(G) is the sandpile group on G in the sense of isomorphism
and the order of the sandpile group of a graph is equal to the number of spanning trees of the
graph [1,7,10,14].
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Let vr be a vertex (called a root) of a graph G with n vertices. The sandpile group S(G) of G
is also the quotient group of Zn by the subgroup spanned by the n generators 1, . . . ,r−1, xr ,
r+1, . . . ,n, where i = dixi −∑vj is adjacent vi aij xj and xi = (0, . . . , 0, 1, 0, . . . , 0) ∈ Zn,
whose unique nonzero entry 1 is in the position i, i = 1, 2, . . . , n. That is, S(G) ∼=
Zn/span(1, . . . ,r−1, xr ,r+1, . . . ,n). Notice that S(G) is independent of the choice of
vr ; for more details see [8].
The explicit determination of the structure of S(G) in a given family of graphs is not always
easy, and a series of paper whose goal is to explicitly determine the structure of classes group
S(G) has appeared in the last ten years. See [2,3,5,6,8,9,11–13,15] for more details.
Fix an integer b, given an integer n  3 and n permutations σ1, σ2, . . . , σn on V , take n
disjoint copies of complete graph Kb and link them by extra edges as follows: for i = 1, 2, . . . , n,
join the vertex σi(v) in the ith copy to the vertex σi(v) in the (i + 1)th copy(with n + 1 ≡ 1).
N. L. Biggs called this graph a bracelet and computed the chromatic polynomials of bracelets
[4]. As pointed in [4], a bracelet based on complete graphs can be reduced to the linking per-
mutation σ between a pair of consecutive copies of the base graph and all other copies can be
taken as being linked by the identity permutation. We write this graph as Kb,n[σ ]. This makes it
clear that the 3 × n bracelets in case of b = 3 can be reduced to one of the three types, accord-
ing to special link permutation σ is the identity, a 2-cycle or a 3-cycle. Hence it suffices to
consider the cases of σ = (1), (12) or (123). Note that the sandpile group of untwisted brace-
lets K3,n[(1)] = K3 × Cn is isomorphic to the direct sum of four or five cyclic groups [12].
Hence it suffices to consider the twisted bracelets G1,n = K3,n[(12)] and G2,n = K3,n[(123)]
(n  3).
The aim of this paper is to compute the abstract structure of the sandpile group on the 3 × n
twisted bracelets. We show that the sandpile group of those graphs is isomorphic to the direct sum
of two or three cyclic groups and determine their Smith normal forms.
The main tools used in this paper are standard, that is, to compute the Smith normal form of an
integer matrix; see [16] for more details. This paper is organized as follows: In section 2 we show
that there are at most five generators for the sandpile group for 3 × n twisted bracelets G1,n,G2,n.
In Sections 3 and 4 we compute the Smith normal forms of the relation matrices for generators
of the sandpile groups for 3 × n twisted bracelets G1,n,G2,n, respectively, and determine the
abstract structure of sandpile groups of these bracelets.
2. The relations matrices for generators of sandpile groups of 3× n twisted bracelets
In this section, we will first show that there are at most five (in fact, at most three, see next
two sections) generators for the groups S(G1,n) and S(G2,n), and reduce the relation matrices
of generators to two special matrices R1,n and R2,n. Then, we will give some properties of the
sequences concerning the entries of these two matrices R1,n and R2,n.
Let the vertex set of ith copy K3 of G1,n be {xi, yi, zi}, i = 1, 2, . . . , n. Let the image of
xi, yi, zi in the cokernel Z|V |/imL(G1,n) be x¯i , y¯i , z¯i , respectively. Applying the toppling rule
to each remaining vertex, the following system of equations are obtained:⎧⎨
⎩
x¯i = 4x¯i−1 − x¯i−2 − y¯i−1 − z¯i−1,
y¯i = 4y¯i−1 − y¯i−2 − z¯i−1 − x¯i−1,
z¯i = 4z¯i−1 − z¯i−2 − x¯i−1 − y¯i−1
(1)
for 3  i  n − 1, and
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⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
x¯1 = 4y¯n − x¯n − z¯n − y¯n−1,
y¯1 = 4x¯n − y¯n − z¯n − x¯n−1,
z¯1 = 4z¯n − y¯n − x¯n − z¯n−1,
x¯2 = 4x¯1 − y¯1 − z¯1 − y¯n,
y¯2 = 4y¯1 − z¯1 − x¯1 − x¯n,
z¯2 = 4z¯1 − x¯1 − y¯1 − z¯n.
(2)
From this system it can be readily seen that x¯1, y¯1, z¯1, x¯2, y¯2, z¯2 is a set of generators for
S(G1,n). Letg1 = x¯1, g2 = y¯1, g3 = z¯1, g4 = x¯2, g5 = y¯2, g6 = z¯2. For 3  i  n − 1,ai, bi, ci,
di, ei, gi, fi are defined as
x¯i = −ai−1g1 + bi−1g2 + ci−1g3 + dig4 − eig5 − fig6.
By induction, we have
y¯i = ci−1g1 − ai−1g2 + bi−1g3 − fig4 + dig5 − eig6,
z¯i = bi−1g1 + ci−1g2 − ai−1g3 − eig4 − fig5 + dig6,
and ⎧⎨
⎩
ai = 4ai−1 − ai−2 + 2bi−1,
bi = 3bi−1 − bi−2 + ai−1,
ci = bi, di = ai, ei = bi, fi = bi
(3)
with the initial values a3 = 4, a4 = 17, b3 = 1, b4 = 7.
Proposition 1. For all i  3, we have ai − 2bi = i − 1, bi = 5bi−1 − bi−2 + i − 2.
We extend the sequences {an}n3, {bn}n3 bya1 = 0, a2 = 1, b1 = 0, b2 = 0. Let sn = an+1 +
bn+1, for all n  0, then si = 5si−1 − si−2 for all i  2, and s0 = 0, s1 = 1.
Remark 2. From Proposition 1 and by some computations we have
an = 2sn−1 + n − 13 , bn =
sn−1 − n + 1
3
.
By the system of relations between the generators and some operations, we can reduce relation
matrices between the generators in next two theorems.
Theorem 3. For all n  3, the relation matrix for generators g1, g2, g3, g4, g5, and g6 of the
sandpile group S(G1,n) is equivalent to⎛
⎜⎜⎜⎜⎜⎜⎝
3n n −n 0 0 0
n −bn bn+1 1 0 0
n −bn+1 bn+2 0 −1 0
0 0 0 sn−1 − 1 sn 0
0 0 0 sn sn+1 + 1 0
0 0 0 0 0 0
⎞
⎟⎟⎟⎟⎟⎟⎠
=
(
R1,n 0
0 0
)
.
In other words, for n  3, we have S(G1,n) ∼= Z5/R1,nZ5.
Theorem 4. For all n  3, the relation matrix for the generators g1, g2, g3, g4, g5, and g6 of
S(G2,n) is equivalent to
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⎛
⎜⎜⎜⎜⎜⎜⎝
n bn −bn+1 −1 0 0
n bn+1 −bn+2 0 −1 0
3n −n n 0 0 0
0 −1 0 −sn−1 + 2 sn 0
0 0 −1 −sn sn+1 + 2 0
0 0 0 0 0 0
⎞
⎟⎟⎟⎟⎟⎟⎠
=
(
R2,n 0
0 0
)
.
Thus, S(G2,n) ∼= Z5/R2,nZ5.
Theorems 3 and 4 imply that in order to determine the structure of S(G1,n) and S(G2,n) it
suffices to compute the Smith normal form ofR1,n andR2,n. For this aim, we need some divisibility
properties about the sequence sn and its related sequences tn, hn, kn and un which are defined as
following.
Let the sequence tn be defined by tn = 5tn−1 − tn−2 for n  2 and t0 = t1 = 1. The following
Proposition is easy to prove by induction.
Proposition 5. For each integer m  1, we have
sm − sm−1 ≡ 1(mod3), sm+1 − sm−1 ≡ 2(mod3), tm ≡ 1(mod3).
Following results will be used in next two sections and they are appeared in [12].
Proposition 6. (1) For each integers m, n  1, we have sm+n = sm+1sn − smsn−1.
(2) Let e  1. If 3e|n, then 3e|sn, and if 7e|n, then 7e|sn.
(3) For e  1, if 3e|n and 3e+1n. Then 3e−1| sn−n3 , 3e sn−n3 .
Let hn = sn − sn−1, kn = sn + sn+1. As a consequence of the above proposition, we have
s2n−1 = hnkn. Let un = −sn−1+sn+1+13 . Then we have un = 5un−1 − un−2 − 1 by induction. This
sequence is closely related to Smith normal form of R2,n. Moreover, we extend sequence sn by
s−n = −sn for any positive integer n.
3. The Smith normal form of R1,n
Let En =
(
sn−1 − 1 sn
sn sn+1 + 1
)
, Fn =
(
3n n −n
n −bn bn+1
n −bn+1 bn+2
)
. We compute the Smith normal
form of R1,n by a sequence of row and column operations over the ring Z of integers.
3.1. Case of n = 2m + 1(m  1)
Recall sn = 5sn−1 − sn−2 for n  2 and s0 = 0, s1 = 1. Adding −5 times row 1 to row 2 of
En, and then adding five times row 2 to row 1 of En, and repeat these operations, we have
En =
(
sn−1 − 1 sn
sn sn+1 + 1
)
∼
(
sn−1 − 1 sn
−sn−2 + 5 −sn−1 + 1
)
=
(
s2m − s1 s2m+1
−s2m−1 + s2 −s2m + s1
)
∼
(
sm+1 − sm sm+2 − sm−1
sm − sm+1 sm+1 − sm
)
=
(
hm+1 6hm+1
−hm+1 hm+1
)
.
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Adding (−3) times row 3 to row 1 of Fn and by remark 2, we get
Fn ∼
⎛
⎜⎝
0 sn −sn+1 + 1
n − sn−1−n+13 sn−n3
n − sn−n3 sn+1−n−13
⎞
⎟⎠.
Then by some column operations for the above matrix, we get
Fn ∼
⎛
⎜⎝
0 sn sn−1 + 1
n − sn−1−n+13 − sn−2−4n+53
n − sn−n3 − sn−1−4n+13
⎞
⎟⎠ ∼
⎛
⎜⎝
0 −km+1 −km+1
n
km+1−n
3
4km+1−n
3
n
km+1−n
3
km+1−n
3
⎞
⎟⎠ .
Thus, we have
R1,n ∼
⎛
⎜⎜⎜⎜⎜⎝
0 −km+1 −km+1 0 3
n
km+1−n
3
4km+1−n
3 1 0
n
km+1−n
3
km+1−n
3 0 −1
0 0 0 hm+1 6hm+1
0 0 0 −hm+1 hm+1
⎞
⎟⎟⎟⎟⎟⎠
.
Adding row 5 to row 4, subtracting column 2 from column 3, and then subtracting row 3 from
row 2, adding column 4 to column 5, we have
R1,n ∼
⎛
⎜⎜⎜⎜⎜⎝
0 −km+1 0 0 3
n
km+1−n
3 km+1 1 0
n
km+1−n
3 0 0 −1
0 0 0 0 7hm+1
0 0 0 −hm+1 hm+1
⎞
⎟⎟⎟⎟⎟⎠
∼
⎛
⎜⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 −n 3n 0
0 0 7(km+1−n)hm+13 7nhm+1 0
0 0 2(km+1−n)hm+13 2nhm+1 km+1hm+1
⎞
⎟⎟⎟⎟⎟⎠
.
Adding three times column 3 to column 4, subtracting 2 times column 5 from column 4, then by
Propositions 5 and 6, we have:
R1,n ∼
⎛
⎜⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 n 0 0
0 0 7(km+1−n)hm+13 7km+1hm+1 0
0 0 2(km+1−n)hm+13 2km+1hm+1 km+1hm+1
⎞
⎟⎟⎟⎟⎟⎠
∼
⎛
⎜⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 n 0 0
0 0 7sn−7nhm+13 7sn 0
0 0 2sn−2nhm+13 0 sn
⎞
⎟⎟⎟⎟⎟⎠
∼
⎛
⎜⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 n 0 0
0 0 3sn 7sn sn
0 0 2sn−2nhm+13 0 sn
⎞
⎟⎟⎟⎟⎟⎠
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∼
⎛
⎜⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 n 0 0
0 0 2sn 7sn sn
0 0 n−sn3 0 sn
⎞
⎟⎟⎟⎟⎟⎠
∼
⎛
⎜⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 n 0 0
0 0 n−sn3 sn 0
0 0 2sn sn 7sn
⎞
⎟⎟⎟⎟⎟⎠
=
(
I2 0
0 An
)
.
Thus it suffices to compute the Smith normal form of An in order to determine the Smith nor-
mal form of R1,n. We denote the Smith normal form of the matrix An by S(An) = diag(S11,
S22, S33).
For n = 2m + 1 and 3n,
S11 = (n, sn, 2sn, 7sn, n − sn3 ) = (n, sn,
n − sn
3
) = (n, sn),
the last equation follows form Proposition 6.
S11S22 =
(
nsn, 7nsn,
nsn − s2n
3
− 2s2n,
7nsn − 7s2n
3
, 7s2n
)
= sn
(
n, 7n,
n − sn
3
− 2sn, 7n − 7sn3 , 7sn
)
= sn(n, 7sn) = sn(n, sn).
Hence S22 = sn. Since S11S22S33 = 7ns2n , S33 = 7nsn(n,sn) .
For n = 2m + 1 and 3|n,
S11 =
(
n, sn, 2sn, 7sn,
n − sn
3
)
=
(
n, sn,
n − sn
3
)
= (n, sn)
3
.
S11S22 =
(
nsn, 7nsn,
nsn − s2n
3
− 2s2n,
7nsn − 7s2n
3
, 7s2n
)
= sn
(
n, 7n,
n − sn
3
− 2sn, 7n − 7sn3 , 7sn
)
= sn(n, 7sn)
3
= sn(n, sn)
3
.
Thus S22 = sn. Since S11S22S33 = 7ns2n, S33 = 21nsn(n,sn) .
Summarizing the above results, we have
Proposition 7. The Smith normal form of An is
⎛
⎜⎝
(n, sn) 0 0
0 sn 0
0 0 7nsn
(n,sn)
⎞
⎟⎠ if n = 2m + 1 and 3n;
⎛
⎜⎝
(n,sn)
3 0 0
0 sn 0
0 0 21nsn
(n,sn)
⎞
⎟⎠ if n = 2m + 1 and 3|n.
1900 J. Shen and Y. Hou / Linear Algebra and its Applications 429 (2008) 1894–1904
3.2. Case of n = 2m(m  2)
Using the recurrence relation of sn and by a sequence of row operations on En, we have
En =
(
sn−1 − 1 sn
sn sn+1 + 1
)
∼
(
sn−1 − 1 sn
sn−2 − 5 sn−1 − 1
)
=
(
s2m−1 − s1 s2m
s2m−2 − s2 s2m−1 − s1
)
∼
(
sm − sm sm+1 − sm−1
sm−1 − sm+1 sm − sm
)
=
(
0 sm+1 − sm−1
sm+1 − sm−1 0
)
.
By adding −3 times row 3 to row 1 and remark 2, we get
Fn ∼
⎛
⎝0 sn −sn+1 + 1n − sn−1−n+13 sn−n3
n − sn−n3 sn+1−n−13
⎞
⎠ .
By some column operations, we get
Fn ∼
⎛
⎝0 sn sn−1 + 1n − sn−1−n+13 − sn−2−4n+53
n − sn−n3 − sn−1−4n+13
⎞
⎠
=
⎛
⎝0 s2m s2m−1 + s1n − s2m−1+s1−nt13 − s2m−2+s2−nt23
n − s2m−nt13 − s2m−1+s1−nt23
⎞
⎠
∼
⎛
⎝0 −(sm + sm) −(sm+1 + sm−1)n sm−1+sm+1−ntm+13 sm+sm−ntm3
n
sm+sm−ntm+1
3
sm+1+sm−1−ntm
3
⎞
⎠ ∼
⎛
⎝0 −2sm −5smn 5sm−n3 2sm−n3
n 2sm−n3
5sm−n
3
⎞
⎠
∼
⎛
⎝0 −2sm −smn 5sm−n3 −8sm+n3
n 2sm−n3
sm+n
3
⎞
⎠ ∼
⎛
⎝0 0 −smn 7sm −8sm+n3
n 0 sm+n3
⎞
⎠ .
Hence,
R1,n ∼
⎛
⎜⎜⎜⎜⎝
0 0 sm 0 3
n 7sm 8sm−n3 1 0
n 0 −sm−n3 0 −1
0 0 0 0 sm+1 − sm−1
0 0 0 sm+1 − sm−1 0
⎞
⎟⎟⎟⎟⎠
∼
⎛
⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 n 0 0
0 0 (sm+n)(sm+1−sm−1)3 0 sm(sm+1 − sm−1)
0 0 (8sm−n)(sm+1−sm−1)3 7sm(sm+1 − sm−1) sm(sm+1 − sm−1)
⎞
⎟⎟⎟⎟⎠ .
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Then by Propositions 5 and 6, we get
R1,n ∼
⎛
⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 n 0 0
0 0 sn+2n3 0 sn
0 0 8sn−2n3 7sn sn
⎞
⎟⎟⎟⎟⎠ ∼
⎛
⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 n 0 0
0 0 sn−n3 0 sn
0 0 3sn 7sn 2sn
⎞
⎟⎟⎟⎟⎠
∼
⎛
⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 n 0 0
0 0 sn−n3 sn 0
0 0 3sn 2sn 7sn
⎞
⎟⎟⎟⎟⎠ =
(
I2 0
0 Bn
)
.
Thus it suffices to compute the Smith normal form of Bn in order to determine the Smith
normal form of R1,n. Let S(Bn) = diag(S11, S22, S33) be the Smith normal form of Bn.
For n = 2m and 3n, S11 = (n, sn, 2sn, 3sn, 7sn, sn−n3 ) = (n, sn, sn−n3 ) = (n, sn).
S11S22 =(nsn, 2nsn, 7nsn, −2nsn−7s
2
n
3 ,
7s2n−7nsn
3 , 7s
2
n)=sn(n, 2n+7sn3 , 7sn−7n3 , 7sn)=sn(n, 7sn)=
sn(n, sn), S22 = sn. Since S11S22S33 = 7ns2n , S33 = 7nsn(n,sn) .
For n = 2m and 3|n, S11 = (n, sn, 2sn, 3sn, 7sn, sn−n3 ) = (n, sn, sn−n3 ) = (n,sn)3 . Since
S11S22 = (nsn, 2nsn, 7nsn, −2nsn−7s
2
n
3 ,
7s2n−7nsn
3 , 7s
2
n) = sn(n, 2n+7sn3 , 7sn−7n3 , 7sn) = sn(n,7sn)3 =
sn(n,sn)
3 , S22 = sn. Since S11S22S33 = 7ns2n , S33 = 21nsn(n,sn) .
Summarizing the above results, we obtain
Proposition 8. For n  3, the Smith normal form of Bn is⎛
⎝(n, sn) 0 00 sn 0
0 0 7nsn
(n,sn)
⎞
⎠ if n = 2m and 3n;
⎛
⎝
(n,sn)
3 0 0
0 sn 0
0 0 21nsn
(n,sn)
⎞
⎠ if n = 2m and 3|n.
By Propositions 7 and 8, we obtain the abstract structure of the sandpile group for the graph
G1,n.
Theorem 9. For n  3, the sandpile group of G1,n is isomorphic to Z(n,sn) ⊕ Zsn ⊕ Z 7nsn
(n,sn)
when
3n and Z (n,sn)
3
⊕ Zsn ⊕ Z 21nsn
(n,sn)
when 3|n, where sn = 5sn−1 − sn−2 with the initial values s0 =
0, s1 = 1.
4. The Smith normal formal of R2,n
Recall bn = sn−1−n+13 and sn = 5sn−1 − sn−2. We have
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R2,n =
⎛
⎜⎜⎜⎜⎝
n bn −bn+1 −1 0
n bn+1 −bn+2 0 −1
3n −n n 0 0
0 −1 0 −sn−1 + 2 sn
0 0 −1 −sn sn+1 + 2
⎞
⎟⎟⎟⎟⎠ ∼
⎛
⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 0 −n n
0 0 m43 m44 m45
0 0 m53 m54 m55
⎞
⎟⎟⎟⎟⎠ ,
where m43 = sn(−sn−1 + 2) + sn(sn+1 − 1),m44 = (sn−1−n+1)(−sn−1+2)3 + (sn−n)sn3 − 1,m45 =
−(sn−n)(−sn−1+2)3 − (sn+1−n−1)sn3 ,m53 =−s2n+(sn+1−1)(sn+1 + 2) + 3,m54 = (sn−1−n+1)(−sn)3 +
(sn−n)sn+1+2
3 ,m55 = − (sn−n)(−sn)3 − (sn+1−n−1)(sn+1+2)3 − 1.
Adding row 5 to row 4 of R2,n, then by Propositions 5 and 6, we get
R2,n ∼
⎛
⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 0 −n n
0 0 s2n + sn s2n−1+sn−1−13 − n − s2n+sn3 + n
0 0 s2n+1 + sn+1 + 1 s2n+sn3 − n − s2n+1+sn+1+13 + n
⎞
⎟⎟⎟⎟⎠
∼
⎛
⎜⎜⎜⎜⎝
1 0 0 0 0
0 1 0 0 0
0 0 3n −n n
0 0 0 s2n−1+sn−1−13 − s2n+sn3
0 0 0 s2n+sn3 − s2n+1+sn+1+13
⎞
⎟⎟⎟⎟⎠ =
(
I2 0
0 Mn
)
.
Thus it suffices to compute the Smith normal form of Mn in order to determine the Smith normal
form of R2,n. Let Mn =
(
s2n−1+sn−1−1
3 −
s2n+sn
3
s2n+sn
3 −
s2n+1+sn+1+1
3
)
, P1 =
(
1 0
−5 1
)
, and P2 =
(
1 5
0 1
)
.
• For n = 2m, notice that s−n = −sn and by induction, we have
(P2P1)
Mn = (−1)+1 13
(−s2n−1−2 − sn−1−2 + s2+1 s2n−2 + sn−2 − s2
−s2n−2 − sn−2 + s2 s2n+1−2 + sn+1−2 − s2−1
)
for  < m, and
(P2P1)
mMn = (−1)m+1 13
(−s2m−1 + s1 + s2m+1 0
0 −s2m−1 + s1 − s2m+1
)
.
Hence
Mn ∼
⎛
⎝3n −n n0 s2m−1−s2m+1−s13 0
0 0 s2m−1−s2m+1−s13
⎞
⎠ ∼
⎛
⎝ n 0 00 un 0
un 0 3un
⎞
⎠ .
• For n = 2m + 1, similarly, we have
P1(P2P1)
Mn=(−1)+1 13
(−s2n−1−2 − sn−1−2 + s2+1 s2n−2 + sn−2 − s2
s2n−2−2 − sn−2−2 + s2+2 −s2n−1−2 − sn−1−2 + s2+1
)
for  < m and
P1(P2P1)
mMn = (−1)m+1 13
(
0 s2m+2 + s1 − s2m
−s2m+2 − s1 + s2m 0
)
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for  = m.
Hence
Mn ∼
⎛
⎝3n −n n0 0 s2m−s2m+2−s13
0 s2m−s2m+2−s13 0
⎞
⎠ ∼
⎛
⎝ n 0 00 un 0
un 0 3un
⎞
⎠ .
From the above computations, Mn is equivalent to the same matrix independent of whether
n is odd integer or even integer. Let S = diag(S11, S22, S33) be the Smith normal form of the
matrix Mn. Then S11 = (n, un, 3un) = (n, un), S11S22 = (nun, 3nun, u2n, 3u2n) = un(n, un) and
S22 = un. Since S11S22S33 = 3nu2n, S33 = 3nun(n,un) .
Proposition 10. For n  3, the Smith normal form of R2,n is⎛
⎝(n, un) 0 00 un 0
0 0 3nun
(n,un)
⎞
⎠ .
Theorem 11. For n  3, the sandpile group of G2,n is isomorphic to Z(n,un) ⊕ Zun ⊕ Z 3nun
(n,un)
,
where un = 5un−1 − un−2 − 1 with initial values u0 = 1, u1 = 2.
Remark 12. The method in this paper may be generalized to K4,n[σ ]. It would be very interesting
to determine the abstract structure and concrete structure of sandpile group for the bracelets
Kb,n[σ ] in general. That is because the theoretical physicists study models based on infinite graphs
with a lattice-like structure [1,10] and the bracelets can be thought of as finite approximations to
such graphs.
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